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The conversion between the formal and observed parameters is obtained from the phase equivalence
between the R-matrix and Breit-Wigner formula, and it is applied to a study of the low-energy E1 S -
factor of 12C(α,γ0)
16O. As an example, weak interference between 1− states in 16O is discussed. As
well as the ordinary R-matrix method, the present method calculates the S -matrix and cross sections,
independent of the boundary condition. Therefore, the E1 S -factor at Ec.m. = 300 keV is found to be
reduced from the current evaluation.
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1. Introduction
Low-energy reactions are usually thought to be governed by the complicated process of nucleus
reactions. So, the phenomenological R-matrix method [1, 2] can be applied to evaluate the experi-
mental cross section data. In the evaluation, it should be noted that the resonance parameters in the
R-matrix are different from the observed experimental values.
In XII-3 of [1], the observed parameters are defined as the experimental quantities of Breit-
Wigner form, and the formal parameters are the model parameters in R-matrix theory. The conversion
between the formal and observed parameters is given by the phase (S -matrix) equivalence between
the R-matrix and Breit-Wigner formula, and it ensures that the calculations correspond to the exper-
imental width and cross sections. If the reduced width is narrow, the formal parameters are almost
equivalent to the observed experimental width and resonance energy. However, the difference might
have to be considered accurately when the reduced width is a value close to the single-particle limit
which represents the well-developed cluster state, e.g. 1−
2
state (Ex = 9.59 MeV) in
16O [3, 4].
In the present report, I review the conversion between the formal and observed parameters, and
I apply it to a study of the E1 cross sections for 12C(α,γ0)
16O. As an example, I discuss the weak
interference between the 1− states in 16O [5]. After the conversion, the S -matrix and cross sections can
be calculated independent of the boundary condition parameter [6]. With any choice of the boundary
condition, I show that the E1 S -factor at Ec.m. = 300 keV is reduced from the current evaluation.
2. Resonance parameters
In R-matrix theory [1, 2], the S -matrix is given by
S L =
IL(kac)
OL(kac)
·
1 − [L∗
L
(kac) − acb˜c]RL
1 − [LL(kac) − acb˜c]RL
= exp
[
2i(δHSL + δ
R
L )
]
, (1)
where IL(kr) and OL(kr) are the incoming and outgoing Coulomb wave functions, respectively. L is
the angular momentum of the relative motion between nuclei in the channel region. k is the wavenum-
1
ber k =
√
2µ|Ec.m.|/~; µ is the reduced mass; Ec.m. is the center-of-mass energy. ac is the channel ra-
dius. b˜c is the boundary condition parameter, the logarithmic derivative of the internal wavefunction
ϕ˜nL, b˜c = d ln ϕ˜nL(ac)/dr. LL(kac) is the logarithmic derivative of the outgoing Coulomb function.
The real and imaginary parts of LL(kac) are the shift function ∆L(Ec.m., ac) and the penetration factor
PL(Ec.m., ac), respectively. RL denotes the R-matrix,
RL(Ec.m.) =
∑
n
γ˜2
nL
E˜nL − Ec.m.
+ RαL, (2)
where E˜nL and γ˜
2
nL
are the formal resonance energy and formal reduced width, respectively. RαL
denotes an energy-independent component. n is the ordinal number of the state with L in order of the
excitation energy. δHS
L
in Eq. (1) is the hard-sphere phase shift, and δR
L
is defined by
δRL = arctan
 PL(Ec.m., ac)RL(Ec.m.)
1 − ∆
(b)
L
(Ec.m., ac)RL(Ec.m.)
 , (3)
where ∆
(b)
L
(Ec.m., ac) ≡ ∆L(Ec.m., ac) − acb˜c. For a Breit-Wigner resonance, the S -matrix is given as
S L = e
2iδbg Ec.m. − EnL − iΓnL/2
Ec.m. − EnL + iΓnL/2
= exp
[
2i(δbg + δBW)
]
, (4)
where EnL and ΓnL are the observed resonance energy and width, ΓnL = 2PL(Ec.m., ac)γ
2
nL
; γ2
nL
is the
observed reduced width. δbg is the background phase shift, and δBW
L
is defined by
δBWL = arctan
(
ΓnL/2
EnL − Ec.m.
)
. (5)
The conversion between the formal and observed parameters is obtained in single-pole from
Eqs. (3) and (5). So, the formal reduced width is given as
γ˜2nL(Ec.m.) =
γ2
nL
1 − γ2
nL
∆
′
L
(EnL, ac) [ 1 + QnL(Ec.m., ac) ]
, (6)
where ∆′
L
= d∆L/dEc.m.. QnL is a higher-order term of the linear approximation to ∆L(Ec.m., ac) [5].
For most of reactions, QnL = 0 is widely used. The formal energy E˜nL is defined in
E˜nL(Ec.m.) = EnL + γ˜
2
nL(Ec.m.)∆
(b)
L
(EnL, ac) ( 1 + dnL ), (7)
where dnL is a parameter stemming from multi-levels in Eq. (2). dnL and the observed parameters [7]
are adjusted self-consistently so as to satisfy the relation of
∆
(b)
L
(EnL, ac)RL(EnL) = 1. (8)
The values of the parameters are listed in [5]. If the reduced width is narrow, the formal parameters
are found to be almost identical to the observed ones, γ˜2
nL
≈ γ2
nL
and E˜nL ≈ EnL in Eqs. (6) and (7).
The S -matrix of Eq. (1) and all cross sections can be calculated independent of b˜c. To review
this requirement, let me recall the transformation of the formal parameter set (b˜c, E˜nL, γ˜nL) [6]. The
mathematically-transformed set (b˜′c, E˜
′
nL
, γ˜′
nL
) is obtained from diagonalization of a matrix given as
KCK
t
= D, (9)
where Di j = E˜
′
iL
δi j. K is an orthogonal matrix. C is defined in Ci j = E˜iLδi j − ac(b˜
′
c − b˜c)γ˜iLγ˜ jL. The
transformed reduced width amplitudes are obtained from γ˜′
iL
=
∑
j Ki jγ˜ jL. In other words, Eq. (9) is
the transformation between two formal parameter sets under invariance of the S -matrix in Eq. (1). It
should be noted that the present method is the same as the ordinary method after the conversion of
Eqs. (6) and (7).
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Fig. 1. (a) E1 S -factor for 12C(α,γ0)
16O, (b) β-delayed α-particle spectrum of 16N. The solid curves are the
present example [5]. The dotted and dashed curves are the results of the R-matrix method [10] and the potential
model [8], respectively. The experimental data are taken from [9] and [10, 11].
3. Results
In Fig. 1(a), I show the calculated E1 S -factors for 12C(α,γ0)
16O. The solid curve is the present
example, including 1−
1
(Ex = 7.12 MeV), 1
−
2
, 1−
3
(Ex = 12.44 MeV), and 1
−
4
(Ex = 13.09 MeV)
of 16O [7]. In the present example, the interference between 1−
1
and 1−
2
appears to be weak, and the
resultant E1 S -factor is reduced from the current evaluation at Ec.m. = 300 keV corresponding to the
Helium burning temperature. The dotted and dashed curves are the results of the R-matrix method
[10] and the potential model [8], respectively. The fit to the S -factor data [9] looks good for the dotted
curve. However, it fails to reproduce the α-width of 1−
2
, Γ21 = 359 keV [10]. cf. Γ21 = (420 ± 20)
keV [7] and Γ21 = 432 keV (the present example). It should be noted that the reduced width is
assumed to be narrow in [10]. The present example shown by the solid curve in Fig. 1(b) reproduces
the experimental β-delayed α-spectrum of 16N in the same quality of the fits as [10] (dotted curve).
In other words, the small E1 S -factor at low energies is in agreement with the experimental data of
β-delayed α-spectrum of 16N [10, 11]. The present example is also consistent with the experimental
result of p-wave phase shifts of α+12C elastic scattering [5].
The corresponding R-matrix multiplied by ∆1(Ec.m., ac) is illustrated in Fig. 2(a), b˜c = 0. The
peak is the formal energy and the energy position of Eq. (8) is the observed resonance energy. The
1−
2
peak is shifted below Ec.m. = 0 close to the pole of 1
−
1
, because of the large reduced width. The
proximity of two poles appears to make their interference weak in the present calculation. In addition,
the contribution from the 1−
2
state seems to dominate the magnitude of the R-matrix below the barrier.
After the conversion of Eqs. (6) and (7), the transformation of Eq. (9) makes the same S -factors
as in Fig. 1, because the S -matrix is invariant. So, the feature of weak interference can be also seen in
other sets of the formal resonance parameter. Figure 2(b)–2(e) shows the R-matrix multiplied by ∆
(b)
1
at acb˜c = −1, -2, -3, and ∆1(E11, ac). As acb˜c decreases, the peak of the 1
−
2
state is shifted to higher
energies, whereas the energy position of Eq. (8) remains on E21 = 2.434 MeV. In contrast, the energy
position of 1−
1
does not move, and the absolute value of γ˜11 becomes small for acb˜c < 0. (Fig. 2(f))
Consequently, the 1−
1
state is isolated, and it does not appear to interfere with other states.
If acb˜c = ∆1(Ec.m., ac) is used, the formal parameters are equal to the observed parameters. This
type of definition is used in [10, 12]. The derived R-matrix is shown in Fig. 2(g). The peak of 1−
2
can
be seen at Ec.m. = 2.434 MeV, and the very sharp peak can be found at Ec.m. = −0.0451 MeV. The
resulting S -factors and β-delayed α-spectrum are the same as those in Fig. 1.
4. Summary
The conversion between the formal and observed resonance parameters has been obtained from
the phase equivalence between the R-matrix and Breit-Wigner formula, and it has been applied to the
E1 S -factor of 12C(α,γ0)
16O. Using the present R-matrix method, I have discussed the weak interfer-
3
10−4
10−2
100
102
10−4
10−2
100
102
0 2 410
−4
10−2
100
102
104
0 2 410
−4
10−2
100
102
0 210
−2
100
102
104
−4 −2 0
0.001
0.01
0.1
1
0 2 4
10−2
100
102
104
Ec.m. (MeV)
| ∆
L(b
) R
L 
|
acbc = −3.0
~
acbc = −1.0
acbc = −2.0
~
~
| ∆
L(b
) R
L 
|
| ∆
L(b
) R
L 
| 1
−
21−1 E21
E11 | ∆
L(b
) R
L 
|
acbc = ∆1(E11)
~
E21
| ∆
L(b
) R
L 
|
Ec.m. (MeV)
Ec.m. (MeV)
Ec.m. (MeV)
| R
L 
|
| γ 1
1 
|  (
Me
V)
1/
2
acbc = ∆1(Ec.m.)
~
acbc
~
acbc = 0
~
(a)
(b)
E21
1−2 1
−
1
E11
(c)
(d)
(e)
E211−1
1−2
1−2
~
(f) a
b
c
de
(g) 1−2
1−1
Fig. 2. (a)-(e) R-matrix multiplied by ∆
(b)
1
. The solid curves are obtained from the present R-matrix method.
acb˜c = 0, -1, -2, -3 and ∆1(E11, ac) are used. (f) Reduced width amplitudes of 1
−
1
as a function of acb˜c. The
solid circles indicate the used values in (a)-(e). (g) Derived R-matrix with acb˜c = ∆1(Ec.m., ac). The peaks are
the energy positions of En1 = E˜n1. The displayed R-matrices make the same cross sections as those in Fig. 1.
ence between 1−
1
and 1−
2
and the resulting small E1 S -factor at Ec.m. = 300 keV. In the calculation,
the pole energy of 1−
2
is found to be located in the vicinity of 1−
1
. This proximity suppresses their
interference, and it consequently makes the small E1 S -factor below the barrier. This is caused by
the accurate treatment of the broad resonance of 1−
2
. The present example is consistent with the ex-
perimental results of α-particle decay width of 1−
2
, β-delayed α-particle spectrum of 16N, and p-wave
phase shift of α+12C elastic scattering. The formal parameter set is transformed into other formal
sets, without changing the S -matrix, i.e. all cross sections. So, the weak interference can be seen
even when other sets are used. Therefore, the E1 S -factor is found to be reduced from the enhanced
value of the current evaluation, by the R-matrix method independent of the boundary condition.
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